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Abstract In one of our recent papers, the associative and the Lie algebras of Weyl type 
A[D] = A®1F[D] were defined and studied, where A is a commutative associative algebra with 
an identity element over a field IF of any characteristic, and JF[D] is the polynomial algebra 
of a commutative derivation subalgebra D of A. In the present paper, a class of the above 
associative and Lie algebras A[D] with IF being a field of characteristic 0, D consisting of 
locally finite but not locally nilpotent derivations of A, are studied. The isomorphism classes 
| and automorphism groups of these associative and Lie algebras are determined. 
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The structure theory and the representation theory are two of the most important topics 
in the theory of Lie algebras. The four well-known series of infinite dimensional simple Lie 
algebras of Cartan type have played important roles in the theory of Lie algebras. General- 
izations of the simple Lie algebras of Cartan type over a field of characteristic zero have been 
obtained by Kawamoto [1], Osborn [2], Dokovic and Zhao [3,4,5], Osborn and Zhao [6,7] and 
Zhao [8]. Passman [9], Jordan [10] studied the Lie algebras AD = A <g> D of generalized Witt 
type constructed from the pair of a commutative associative algebra A with an identity ele- 
ment and its commutative derivation subalgebra D over a field IF of arbitrary characteristic. 
Passman proved that AD is simple if and only if A is D-simple and AD acts faithfully on A 
except when dim/} = 1 and chariF = 2. Xu [11] studied some of these simple Lie algebras of 
generalized Witt type and other generalized Cartan types Lie algebras, based on the pairs of 
the tensor algebra of the group algebra of an additive subgroup of IF n with the polynomial 
algebra in several variables and the subalgebra of commuting locally finite derivations. Su, 
Xu and Zhang [12] gave the structure spaces of the generalized simple Lie algebras of Witt 
type constructed in [11]. WeQ determined the second cohomology group and gave some rep- 
resentations of the Lie algebras of generalized Witt type which are some Lie algebras defined 
by Passman, more general than those defined by Dokovic and Zhao, and slightly more general 
than those defined by Xu. 
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In one of our recent papers [13], we defined the associative and the Lie algebras of Weyl 
type A[D] = A®JF[D\, where A is a commutative associative algebra with an identity element 
over a field JF of any characteristic, and JF[D] is the polynomial algebra of a commutative 
derivation subalgebra D of A. and we gave the necessary and sufficient conditions for them to 
be simple. More precisely, the associative algebras or Lie algebras A[D] (modular its center, 
as Lie algebra) are simple if and only if A is D-simple and A[D] acts faithfully on A. 

In the present paper, we study a class of associative and Lie algebras of the above type A[D] 
with JF being a field of characteristic 0, D consisting of locally finite but not locally nilpotent 
derivations of A. The isomorphism classes and automorphism groups of these associative and 
Lie algebras are determined. The automorphism groups and derivations of these algebras for 
a special case were obtained in [14] and [15]. 

Throughout this paper, we assume that JF is a field of characteristic zero. 
1 Definitions and preliminary results 

In this paper we focus on the (associative and Lie) algebras A[D] = A <g> JF[D] defined in 
[13], where A is a commutative associative algebra with an identity element 1 over JF and 
D is a nonzero finite dimensional iF-vector space of locally finite but not locally nilpotent 
commuting iF-derivations of A such that A is D-simple. From [12] we know that the pairs 
(A, D) satisfying those conditions are essentially those constructed as follows. 

Let £i,£ 2 be two nonnegative integers such that i = l\ + £2 > 0. For any integers m,n, 
denote m, n = {m, • • • , n}. Take any nondegenerate additive subgroup T of JF , i.e., T contains 
an iF-basis of JF . Elements in Y will be written as a = (a±, • • • , at). Set 

Ji = 2Z% x {0Y 2 , J 2 = {0}' 1 x E%, J = 7Z%. (1) 
Elements in J will be written as /1 = (/ii, • • • But sometimes elements in J 1 will also be 

— * 

written as % — (ii, 12, • • • , it). Denote 

H = Z>p, (£) = ![(#)> i w = (o,...,<,o,...,o), (2) 

p=l p=l 

for e J,i G ZZ+iP G 1, 1 (note that Q) = if % < j). The value |/i| is called the level of /1. 
Define a total ordering on J by 

/j < v <^> < or \n\ = \u\ but 3p G 1, £ with /i p < z/ p and /i g = v q , q < p. (3) 

Let (A, •) be the semi-group algebra iF[r x J{\ with the basis {x a,% \ (a, 1) e T x Ji}, and 
subject to the algebraic operation 

= ^a+fti+J V ( Q> ^ £ T X Ji. (4) 

Denote the identity element a; ' by 1, and denote x a = x a, °, x % = x ' 1 for a e T, i e Ji- 
Define the linear transformations (derivations) {<9f , • • • ,8^, d^, • ■ ■ , 9/, 9i, • • • , 9^} on A by 

^-(WHipW- 1 ^, 9+(x a ' ? ) = a q x a: \ d p = d; + d£, d r = d+, (5) 
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for all p G l,£i, q G l,l,r£fi + 1, £. The operators d~ are called down-grading operators, and 

<9+ are grading operators. Note that <9 P is locally finite if p G 1, £i, semi-simple if p G £i + 1, 

Set -D = span{9p|p G 1,^}. Then we obtain the pair (A, D) where D is a nonzero finite 
dimensional IF- vector space of locally finite but not locally nilpotent commuting iF-derivations 
of A such that A is D-simple. Clearly, {a G A \ D(a) = 0} = IF. 

Denote 

D 1 = J2Fd p , D 2 = Fdr ( 6 ) 

For any d = Y? p =\ a pd P G D and a = (a±, ■ ■ ■ , ae) G T, define 

(a, 9) = (9, a) = a(d) = a p a p . (7) 

P =i 

Since T is a nondegenerate subgroup of IF 1 , there exist .F-basis a' 1 ', • • • , G T of iP £ , and 
the dual basis di, • • • ,de of D with respect to (7) such that (a^, d 9 ) = 8 P:q for p, g G 1, £. 

Throughout the paper, we shall fix and d p , p e l,£. 

Denote by IF[D] the polynomial algebra of D. Then IF[D] has a basis 

£ £ 

B = {d" = f[ Sf* | // e J} or Si = {d^ = ]J I A* e J}. (8) 

i=i p=i 

The iF-vector space 

W = W(£i, e 2 , r) = A[£>] = A® iF[D] = spanfa^d" | (a, i, //) G T x J x x J}, (9) 

forms an associative algebra with the following product, which is called an associative algebra 
of Weyl type, 

nd* 1 -vd u = J2(\)ud x (v)d fl+u - x , (10) 
AeJ 

for all u,v E A, E J, where, by notation (2), there are only finite number of nonzero terms 
in (10), and where, <9 M (-u) = ]\ p= id^ p (u). The induced Lie algebra from the above associative 
algebra is called a Lie algebra of Weyl type, the bracket is 

[udP, vd v ] = ud» ■ vd u - vd u ■ ud", 

for all u, v G A, G J. Then W acts naturally on A by a<9 M : x i— > ad^(x), it gives rise to 
an (associative and Lie) homomorphism 

: W — >• Horn^A, A). (11) 

Obviously IF is contained in the center of W. 
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Theorem 1.1 The associative algebra W and the Lie algebra (W/iP, [•,•]) are simple. 

Proof. By [13, Theorem 1.1], it suffices to prove that F[D] acts faithfully on A. Suppose 
u = J2fj,eJ c ^ e IF\D\ acts trivially on A, where G iF, and N = {/i G J | c M ^ 0} is finite. 
Take a = X^ =1 n q a^ G T, where n g G .S+ are arbitrary. By definition (5), we have 

= u(x a )= ]T c,{[npx a . (12) 

Thus the coefficient of x a is zero. But n q G ZZ + are arbitrary, this proves that all c M = 0, so, 
u = 0, i.e., iF[-D] acts faithfully on A. I 

For any monomial u = x^d^, we call a the degree of u with respect to T, i the degree of 
u with respect to J 1; /i the degree of u with respect to d and the /eve/ o/it with respect to 
d. Let 

T = {u G W | ad(u) is locally finite on W}, 
A/" = {w G W | cwi(-u) is locally nilpotent on W}. 

Choose a total ordering on T compatible with its group structure. For any basis {d[, ■ ■ ■ , d' e } 
of D and any a G T, i G Ji, G J, set 

A[D] a = span{:r T '™<9 /iy | r < a}, 

A[D\x = sp&n{x T '™d' u \ m < i}, (13) 
A[D] M = span{x T >™d' v | \u\ < \fi\}. 

From (10) it follows that that 

[A[D] a ,A[D] T ]CA[D] a+T , 

[ff",a?\eA[D] r , (14) 
[A[D\ w A[D\^QA[D\ H +\u\-i. 

The following lemma is crucial in obtaining our main results in Sect. 2. 
Lemma 1.2 (a) T = D + A, (b) M = A. 

Proof, (a) Suppose u<E JF\(Z}+A). Decompose u according to the level with respect to d, 

n 

u = ^Ui, ui= a^d* 1 , dp e A, (15) 

i=0 n£j,\n\=i 

where n > is the highest level of terms in u, so u n ^ 0. Note that, if n — 1, we must have 
u n D. Write 

Un = x^u^d with G F[D}. (16) 

(a,i)eM 
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So M = {(a,t)eTx Ji | M ^)^0} is finite. Let T = {a | 3ie J u (a,i) G M }. Let /3 be the 
maximal element in r . If T 7^ {0}, by reversing the ordering if necessary, we can suppose 
(3 > 0. Set j = max{?G Ji | ((3,i) G M }. 

Case J: (3 = 0. 

In this case we see that u n G span{:r l <9 M | % G Ji, // G J}. Write 

*4f J) = E c X ? c M g iF. (17) 

Let A = max{/i G J | = n, c M 7^ 0}. Suppose A& 7^ and A« = for all i > k. By induction 

on s it is easy to see that the highest term of (adu) s x a(k) is \ s k c s x x a(h) '' SJ ; d s ( A_1 w) 7^ 0. Thus 

00 

^(adw)V* = 00. 

s=0 

this contradicts the fact that u G T . So Case 1 does not occur. 
Case 2: [3^0. 

Choose a basis (3^\ ■ ■ ■ , (3^ = (3 of W l in T, and choose {d[, • • • , d' e } to be the dual basis. 

Write = J2^eJ,\^\=n c ^'^, c M G IF. If for all /i G {/i G J | = n, c M 7^ 0}, we have 

= 0, then we use the argument in Case 1 to conclude also a contradiction. So there is a 
fi G {/i G J I \fi\ = n, 7^ 0} with /z^ 7^ 0. Let A = max{/i E J \ = n, fig ^ 0, c M 7^ 0}. It is 
clear that the highest term of (adw)*x 2/3 is 

/3; C \(2A £ )(2A £ + 1) • • • (2\ e + i - i) x (i+m0 d 'i(^ w ) ^ 0. 

Thus 

00 

X>du)^ 2/3 = 00. 

j=0 

This contradicts the fact that u G J- '. So Case 2 does not occur. 
Therefore JF C D + A. 

For any <9 + w G -D + A, and any :rd M with x G iP[r x Ji]. Let 

[/ = span{9 m (^)(5"M ft )(M)(9 ri2 rf /32 )(M) • • • (d nk df >k )(u)d' i - f>1 -th-----fik 

I m,n ir ■ -n k G - (3i - (3 2 > 0}. 

Since the action of .D on A is locally finite, it is easy to verify that dimf/ < 00 and ad(<9 + 
u)Y(xd^) EU. Sod + ueF, i.e., D + AcJ 7 . Thus (a) follows. 

(b) For any <9 + u G D + A with <9 7^ 0, choose a G T such that (9(a) 7^ 0. From 
(ad(<9 + u)) l x a = <9(a:) l a; a ^0 we see that d + u £ J\f. On the other hand, for any u G A, and 
any xd* G W, from (14) it follows that (adw)^ +1 (:rd M ) = 0. Thus (b) follows. | 
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2 Isomorphism classes and automorphism groups 

Now we are ready to prove the isomorphism theorem. 

Theorem 2.1. Let W = W(4,^2,r), W = W(f 1? 4,r') be two (associative or Lie) 
algebras of Weyl type. Then there exists an (associative or Lie) isomorphism a : W = W 
if and only if there exist a group isomorphism r : T = T' and a space linear isomorphism 
(f): D -> £>' such that 0(D 2 ) = £> 2 and 

(*i,40 = (4,4)> (a,9) = Ma)^(9)), Va G T, 9 G D. (18) 

Proof. We shall use the same notation but with a prime to denote elements associated 
with W. 

"<£=": By assumption, there exists a nondegenerate £ x I matrix G = (p q) G GLf(lF), 
where M G GL £l (F), Q G GL £2 (F), such that 

= ($,..., (19) 

For a = (ai, • • • , ae) G T, since a p = (a, d p ) = (r(a), 4>{d p )),p G 1, £, we then have 

r(a) = a' = (a[, • • • , a' e ) = (aii, • • • , ag)G~ 1 = aG -1 . (20) 

Define a linear map: 

o- : x « _> x /r(a) > ^ _> Va G T, g G M, 

(^V,^) i-> (x /1 m,---,x ,1 ^])(M t )- 1 , 

where M t is the transpose of M. It is straightforward to verify that 

a(d p )(a(x^)) = S p , q = d p (x^) and a(d p )(a(x a )) = a(d p (x a )). (22) 

Since the associative algebra A[D] is generated by the elements appeared in (21), thus (21) 
uniquely extends to an associative isomorphism a : A[D] = A'[D']. Thus they are also 
isomorphic as Lie algebras. 

"=>" : If W and W are isomorphic as associative algebras, then they must be isomorphic 
as Lie algebras, so we suppose they are isomorphic as Lie algebras. 

Let d G D. Since d is locally finite on A, add is locally finite on W, and thus ada(<9) is 
locally finite on W", by Lemma 2.2, cr(d) G A' + D' . Thus we can write u(d) = (f)(8) + a g with 
4>(d) G D', a e G A' such that : D — > D' is a linear map. Since each <9 7^ is not ad-locally 
nilpotent, by Lemma 2.2 again, we see that is injective. 

Similarly, by exchanging position of W and W', there exists a linear injection : D' — > D 
such that for all 9' G -D', there exists fe a / G A such that o- _1 (9') = (f)'(d') + 6 e /. Then 

9' = a{a-\d')) = a{(t>'{&) + b 9 ,) = a{<j>'{&)) + <j(& e = 0(0'(<9')) + cy^, + a(b„). (23) 
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Note that b g > G A is ad-locally nilpotent, and so cr(b a ') is ad-locally nilpotent, thus by Lemma 
2.2, <r(b d >) G A'. Hence by (23), we have 0(0'(<9')) = & '. Thus both and 0' are linear 
isomorphism, and so £ = £'. 

For any d G D 2 , suppose 0(<9) ^ -D 2 , sa y 0(^) = Sp'=i a p<9 p w hh a p 7^ for some p < £' r 
Then 

[ (7 (9),x ,1 w] = [0(<9) + a a ,x' 1 w] = a p ^ but (ada(d)) 2 (x n M) = 0. (24) 

This contradicts that cr(d) is ad-semi-simple. This proves that 0(^2) C -D 2 and so £ 2 < £'2- 
Similarly, £' 2 < £ 2 and so £ 2 = ^2 an d 0(^2) = -D 2 - This proves the first equation of (18), and 
so J[ — Ji, J' — J. 

For any a G T, & = E e p=1 a p d' p G D' . Let d = 0~ 1 (<9') and write a~\&) = d + b 9 > 
for some b g > G A. Since <r(x a ) is ad-locally nilpotent, by Lemma 2.2, we have a(x a ) G A'. 
Because the vector space on which A + D semisimply acts is span{x a |o; G T}, and because 
a {A + D) = A + D, we have a(x a ) Gspan{x a |a G T}. So we can suppose 

a(x a )= J2 c «'X /a ', (25) 

a'eM a 

where M a is a finite subset of T' such that 7^ <v G iP for all a' G M Q . Then 

[d',a(x a )\ = J2 c a ,(d',a')x a ' 

a'eM a 
= *([d + b„,*"]) 

= (d,a)a(x a ) [ ' 

= (d,a) c a ,x' a . 

a'eM a 

Since & G D' is arbitrary, then M a is a singleton. Thus there exist a unique a' G T' such that 

a(x a ) =c a x' a \ (27) 
where c a = c Q / i0 G iF\{0}. Thus (27) defines a map 

r : T -> T' such that r(a) = a' and r(0) = 0, (28) 
such that by (26), we have 

(d, a) = (0(9), r(a)>, Va G T. (29) 
Then for any a, /3 G T, d G -D, by (29), we have 



= (d,a) + (d,/3) 

= (0(9),r(a)) + (0(9),r(/3)) 

= (0(9),r(a) + r(/3)). 



(30) 



Since <j>{D) = D', (30) shows that 

r(a + /3)=r(a)+r(/3), Va^eT, (31) 
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i.e., r is a group homomorphism. If r(a) = 0, then by (27), a — 0, i.e., r is injective. By 
(27), we see that r must be surjective, i.e., r is a group isomorphism. I 

Next we shall determine the automorphism group Aut(W, ■) of the associative algebra 
(W, •) and the automorphism group Aut(W, [•, •]) of the Lie algebra (W, [•,•]). It is clear 
that Aut(W, •) C Aut(W, [•,•])■ We shall simply denote the former group by Aut(W). Set 
A x = iP[r] = span{a; a | a G T}, the group algebra of T. Set iF 2 2 = {0} x iF £2 , the subspace of 
IF of dimension £ 2 - First, denote the linear automorphism group of T by 

Aut L (r) = {Gg GL e (F) | TG = T}, where TG = {aG \ a G T}. (32) 

(cf. (20).) Take 

Aut 2 (r) = {G = (p q) g Aut L (r) | tg = r}, (33) 

where M G GLi 1 (F) and so on. Let r G Aut(Ai) be an automorphism of A\. Since r maps 
invertible elements to invertible elements, and 

( (J iF:r a )\{0} = the set of invertible elements in A±, (34) 



thus r determines a unique group automorphism r* G Aut(F) and a multiplicative function 
/ T : T -> iF*, i.e., / T (a + /3) = f T (a)f T ([3), such that r(x a ) = / T (a):r T *( a ) for all a G F. So 
Aut(Ax) = Aut(r) ® Hom(r, iF*), where Hom(r, iF*) is the group of multiplicative functions 
f T : T -> iF*. Set 

Aut 2 (Ai) = Aut 2 (r) <g> Hom(r, iF*). (35) 

Thus elements in Aut 2 (Ai) can be written as r = (G, /), where G = (p q). And in this 

notation we have r(x a ) = /(a)x' r *( a ^ = f(a)x aG \ For any r = (G,f) G Aut 2 (Ai), define 
<p r : D ^ D such that 

Mdi,~-,de) = (d 1 ,...,d e )G. (36) 

Then 

(0 T (9),r*(a)> = (9,a>, Va e T, 9 e D. (37) 

As in (21), the map 

a r : x « _> / T ( a )^*W • • • , ft) h- (ft, • • • , ft)G, Va G T, 
(x 1 ^ , ■ ■ ■ , x 1 ^) ^ (x 1 M,---,x 1 ^ii)(M t )- 1 , 

defines a unique oy G Aut(W). Obviously, a T a T / = <j tt i and we obtain an group homomor- 
phism 7r : Aut 2 (Ai) — > Aut(W) such that 7r(r) = ay. Clearly 7r is injective. 

Next, for any w G A, since w is ad-locally nilpotent, a u = exp(adw) is an automorphism 
of W. Regarding A as an additive group, then ir' : A — > Aut(W) with 7r'(tt) = <7 U is a group 
homomorphism such that ker7r' = iF. It is straightforward to verify that 5a u 5~ l = as(u) f° r 
all 5 G Aut(W) and u E A. 
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Third, for any v = (v ir --,v e ) G F e , let = (v ir --,v ei ) G JF e \v^ = (0, • • • , 0, v tl+ i, 
■ ■ ■ , vi) G F £ 2 2 . the linear map 

a v :x a ^x a , (d 1 ,---,d e )^(d 1 ,---,d e )+v^, VaeT, 

can be uniquely extended to be an automorphism of W. Thus the map lF e — > Aut(W) : v a v 
is an injective group homomorphism. 

For any r = (G, f) G Aut^), where G — (p q), and for any v — (vi, ■ ■ ■ , v e ) G F e , set 



r M = (^i+i,---,^)-P 



K x^ 



r(v) = v(r ] ° Q ) e 
It is not difficult to verify (only need on generators: D,x a ,x 1 ^) that 

<7~ X <J V (J T — <J T l v ](J T ( v ). (40) 

For any r, r' G Aut(Ax), u, u' G A, v, v' G -F £ , we deduce that 



= T G u ^ av( , rl (u')(y T iO T }o v O T iO v i 
= a T a u +cr v cr T , (it') O" t' C r' [d] C t' (d)+d' 

= cr rT 'CT T /-i( tt ) +r /-i (7tJ<TT ,( u /)Cr T /(„) + „/. 



(41) 



Thus £ = Aut2(Ai)exp(A/iF)a' JF « forms a subgroup of Aut(W). Note that exp^/iF)^ is a 
normal subgroup of E 1 . 

If we define a group structure on the cross set Aut 2 (Ax) x (A/ IF) x IF 1 by 

(t',u',v') ■ (t,u,v) = (t't, cr~ 1 (u / ) + a~}a v >a T >{u) +t[v'],t(v') +v), 

then this group is isomorphic to -E 1 . It is not difficult to verify that the following injection is 
a group homomorphism 

7T : Aut 2 (^i) k((A/1F) x iF*) -> AutW 7 ", (t,u,v) h-> a T a u a v . 

We identify the image of Aut 2 (Ai) x(A/iF © iF € ) under vr with E. 

Lemma 2.2. The following linear map <J\ is an automorphism of (W, [•,•]): 

(T i : x Q '^ ^ -(-9)" • x a '\ V (a, i, fi) G T x J : x J, (42) 

where (— <9) M = Ilp=i( — ^p) Mp an d ( — ®Y • xa,% is the product of (— <9) M and x a ' % . 
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Proof. To verify that (42) defines an automorphism, we need the following combinatorial 
identity which is not difficult to prove 

E(-i) |A VAor^) = <u v/i, z/ g j. 

\'<H 

Using the above identity, we have 

E(£)(-0r- A -0V J )= E (S)(V)(-i) |V| 9 A+A '(^ J )(-9)' i - A - A ' 

A</i A,A'</i 

= e (-i) |A,| (/AorA A '^)^(^ J )(-9)^ (43) 

= x^(-^r, V fierce J, j e^. 

Using (43) we have 

^([Wd^a^d"]) =a 1 {x a ^& l x p3 ar -^>i^) 

= a 1 (x Q ' ? £(^)9 A (a;^)^ +iy - A - ]T(^)<9 A (:r Q ' ? )<9^- A ) 

A</i A<^ 

= " E(a)(-^)^ A • a: a % A (a;^) + £ (a)(-<9) m+ ^ A • ^^(x 01 '*) 

\<fl \<v 

= -(-«9)"(E(a)("^)^ A • 9 A (^ J ))x a ' r + (-«9)^(£(D(-9)^ A • d\x a ' 7 ))x^ 

\<fj, \<v 

= (-d)» ■ x a '*(-dy ■ x 13 ' 1 - (-oy ■ x^{-dy ■ x a:i 

= [-(-0)" ■x a i-(-d) u -x 13 ' 1 } 
= [a 1 (x a '*& i ),a 1 (x p3 &')]. 

Thus <7i is an automorphism of (W, [•,•])■ I 
Clearly U\ has order 2, i.e., a\ = 1, and <7\ is not an automorphism of (W, ■). 
Theorem 2.3. Aut(W) = W and Aut(W, [•,•]) = Wk^). 

Proof. We first show that Aut(W, [•, •]) = Wk(<7i), i.e., Aut(W, [•, •]) is generated by W 
and G\. 

Let a be an automorphism of (W, [•,•]). From the proof of Theorem 2.1, there exist 
r G Aut(r) and : D — > £) with cj) = <p T and r G Aut2(-Ai) (by (35), we regard Aut(r) as a 
subgroup of Aut(Ai)) such that <x(:r a ) G iFx T ( a ) for all a G T, <r(d) = 9 mod A for all d E D. 
Replacing a by o~ x o, we see that for any d G -D, ct G T, there exist a a G A and c a G iF\{0} 
such that 

a(d) = d + a 8 and (x(:r a ) = c a x a . (44) 
For p G 1, £, denote u> p = a Sp G A. Then by (44), for p, q G 1, we have 

= cr([<9 p , <9 9 ]) = [<9 P + w p , d q + w q ] = d p (w q ) - d q (w p ). (45) 
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Claim 1. By replacing a with a' a for some a' G W, we can suppose w p — 0, p — 1, • • • , i. 
Using induction, suppose that for q > 0, we have proved that w p = for all p < q. Write 

w - y C (( V'\ w'= Y c {q lx a '\ w" = y c iq lx a '\ (46) 

(a,t)eM q (a,T)GM^ (a,i)eM£' 

where M 9 = {(a,?) 6 T x Jj | cH ^ 0} is finite, and M' q = {(a,?) G M q \ a q ^ 0}, M^' = 

M q \M' . For any with a g ^ 0, we have a~ l d q x a ' 1 — x a ' 1 = a~ l i q x a ' l ~ 1 ^ . Using induction 
on i q , one sees that there exists u' q G A such that d q (u' q ) = w' q . By (45), d p {w' q ) = 0,p < q, 
thus we can deduce d p {u' q ) = for p < q. Then by replacing a by cr^a, we still have 
w p = for p < g, but then -u^ vanishes. Suppose w q ^ 0. If g < £i, then we can choose 

u'g = J2( a i)eM" c a fag + x a ' l+l \ q] . It follows that d q {u' q ) = w" q and so by replacing a by 

cr^cr, w'g 1 vanishes also. Thus assume that q > i\. If w" q ^ IF, then there exists some d' G D 
such that [w'g , <9'] 7^ 0, so we have 

[9 ? +<,9'] = -d'«)^0, [^+<,[^+<,9']] = - £ c Q ^V' ? )=0, (47) 

(a,J)6M» 

a contradiction with the fact that <j(d q ) = d q + u^' is ad-semi-simple. Thus w" q G iF. So, 
replacing o" by some cr v cr, we can suppose w^' = 0. This complete the proof of the inductive 
step, and thus the claim follows. 

From Claim 1 we see that (44) becomes 

a(d) = d, and a(x a ) = c a x a , (44') 

for any d G D,a G T. Suppose 

a(x a d)=yc^y^. (48) 

If Cg ^ ^ for some /3, i, /i with > 2. Then we can choose some 7 G T, such that [<9 M , x 1 ] 
A. Then by applying ad<r(:r 7 ) to (48) we obtain that (d, r ))a(x a+1 ) A, a contradiction with 
(44). Thus I < 1. Then we have 

(<9, 7 >c Q+r r^ = (9, 7 )a(x Q+ T) 
= <r([:r a <9, x 7 ]) 

= E W 3 '^,^] (49 ) 
M=i 
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holds for all 7 G T. For any (/3,i,fj) with c^j- 7^ 0, by choosing 7 with (<9 M ,7) 7^ and 

comparing both sides of (49), we see that ((3,i,/i) = (a,0,/i). Thus we can rewrite (48) as 

a(x a d) = a a>a + x a 9 a (d), where a a , a G A, a (d) G D, (50) 

such that 9 a : D — > D is a linear injection. Applying ad<9 p = adcr(<9 p ) to (50), we obtain that 
dp{a a ,a) = a p a aia for all p E 1,£. Thus 

a a , 8 = c atd x a , Va G T. (51) 

Applying ad<r(a; /3 ) to (50), using (44), we obtain 

(6 a (d),(3)cp = (d,[3)c a+(3 , \/a,[3eT,de D. (52) 

This gives (6 a (d),(3) = {d, P)c a+ pCp 1 . Replacing (3 by —f3 in this expression, and adding the 

two expressions, we obtain that (d, (c^+^c^ 1 — c a _f3cZp)f3) = for all a, f3 G T, d G D. Thus 
we obtain 

c a+f 3 = c a -pc p cZ l p, (53) 
holds for all (3 7^ 0, but if /? = 0, (53) holds trivially. Replacing a by a — (3, we obtain 

C a = C Q _ 2 /3C^Cl^ = Ca^c.^c^ 1 , Va,/3 G T, (54) 

where the last equality follows from the second by replacing (3 by —(3. Replacing a by 7 and 
multiplying the two expressions, and then setting 7 = 2/3, we obtain 

c a c 2 f3 = c c a+2 p, Va,(3eT. (55) 

Now in (52), replacing (3 by 2(3, using (55), we obtain 

(0 a (d) - c^c a d,(3) = 0, \/a,(3 G T, d G L>. (56) 

This proved that Q (d) = Cq 1 c a d. Using this in (52), whenever (3 7^ 0, we can choose <9 with 
(9, (3) 7^ 0, so that we obtain 

c a C/3 = c c a+ p, Va,[3eT. (57) 

Define / :«h Cq 1 ^, then (57) shows that / G Hom(r,iF*) C Aut2(^i). Thus by replacing 
a by cjV, we can suppose c a = c for all a G T and then (56) gives 9 a (d) = d. So (50) 
becomes 

a(x a d) = c a:d x a + x a d, a(x a ) = c x a . (50') 

For any d G D, by taking bracket of cr(d') for & G -D with <r(<9 2 ), we see that a(<9 2 ) G 
By taking bracket of a(x a ) with it, we obtain that u(d 2 ) must take the form 

a{d 2 ) = b d + b' a d + b" a d 2 , b a ,b' a ,b" a eF. (58) 

Again, taking bracket of cr(x a ) with (58), we obtain 

b" = Cq 1 , 2c a , a = c b' a + (1 - c ) (d, a) for all a G T with (d, a) ^ 0. (59) 
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By calculating the constant term of a([x~ a d, x a d}), we have C- a ^ = —c a ^ if (d, a) ^ 0. Using 
this in (59), we obtain that b' g = for all d E D. Taking bracket of a(x a d) with (58) and 
making use of (59), we obtain that 

2(0, a)a{x a d 2 ) + (d, a) 2 a{x a d) = c \2(d, a)x a d{d + c a>a ) + (d, a) 2 x a (d + c a , a )), 

thus 

a(x a d 2 ) = Co 1 x a (d + c a , s ) 2 for all a E T with (d, a) ^ 0. (60) 
Then taking bracket of a(x~ a d) with (60), we obtain that 

3 (d, a) (cq 1 d 2 +b a ) - (d, a) 2 d = Cq 1 (d, a)(3d 2 +{4c a ^+2c^ g -(d,a))d+c 2 a)d +2c ata c_ ata -(d,a)c^ g ), 

thus by (59), we obtain 

12c b d = (1 - c 2 )(d,a) 2 for all a E T with (d, a) ^ 0. (61) 

This shows that b d = and c = ±1. If necessary, by replacing a by <7i<7, we can suppose 
c = 1. Then (59) gives c a ^ g = 0. Thus 

a(x a d) = x a d, a{x a ) = x a , (50") 

a(d) = d, a(d 2 ) = d 2 . (58') 
For any a E T. By Lemma 2.2, a(x a ' 1 ^) E A for p E l,£\. Suppose a{x a,1 w) = 

^(/3,i)eM b /3,i xf3,i with M o = {(P^\ b /3,i ^ 0}. Taking bracket of a{d q ),q E 1,1 with it, 
we obtain 

E b^((P q -a q )x^+i q x^)-5 p , q x^0. (62) 

If some i) E M with /3 ^ a, we can always choose q with /3 9 7^ a g and so (62) can not 

hold. Similarly, if (a,i) E M with % 7^ 0, l[ p ], using induction on we see that (62) can not 
hold. Thus M C {(a, 0), (a, l[ p ])}, i.e., we can write 

^(aja.iw) = fc^^w + ft^x" (63) 

and (62) then gives = I. Taking bracket of a(x^d q ) with (63), we obtain that b' p = V 

does not depend on a. Take v = —(b[,---,b' ei ) E lF £l , and by replacing a by a v a, we can 
then suppose that b' p = 0,p E l,£i. Then we see that a fixes all the elements in the set 

{x 13 , x^d, x^d 2 , x"' 1 ^ \(3 E T,d E D,p E l,£i}- But W is generated by this set as a Lie 
algebra. Thus a = 1, therefore Aut(W, [•>•])- W\x (<7i). 

The result Aut(W) = W follows directly from Aut(W, [•,•]) = Wk(<ti>. I 

Finally, we remark that Theorems 2.1, 2.3 can be generalized in following aspect. 

Let IF be a field of characteristic zero (not necessarily algebraically closed). Let Ii,I be 
any two indexing sets such that I\ C I. Let IF 11 = (Bp^IF be the direct sum of copies of 
IF indexed by I\. Let T be a nondegenerate subgroup of © pg /iF, the direct sum of copies of 
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IF indexed by /. Let J\ = ® pe j 1 Z + , the direct sum of copies of Z5 + indexed by ii, and let 
J = Q) p ei2Z + . Element in T and J are written as 

a = (a p | p e I) e r, % = (i p I p e I) e J, (64) 

where all but a finite of a p = and all but a finite of i p = and i p = for all p G I\h. Let 

A be semi-group algebra generated by {x a ' 1 \ a G T,i G Ji}, and let Ai = span{a; a | a G T}. 
Let D be a subspace of derivations of A spanned by {d p \ p G /}, where 

,9 p (a; a ' ? ) = a p a; a ' ? + i p x Q ' ?_1 w, Va G T, ie Ji, p G /. (65) 

Set D 2 the subspace of Z) spanned by {d q \ q G I\Ii}- 

Then we can define as before the (associative or Lie) algebra 

W = W(h, I, T) = A[D] = span{x a ' ? ^ | (a, i, fi) G T x J x x J} (66) 

and we have 

Theorem 2.4. Let W = W(h,I,T), W = W(I[,I',r') be two (associative or Lie) 
algebras of Weyl type. Then there exists an (associative or Lie) isomorphism o : W = W if 
and only if there exist a group isomorphism r : T = V and a space linear isomorphism : 
D -> such that 0(D 2 ) = and (a, 9) = (r(a),0(9)), for all a G T, d G Furthermore 
Aut(W(/i,/,r)) = W =Ant 2 (A 1 )p<exp(A/F)a ]F i and Aut(W(/i, /, T), [•, •]) = Wk{u 1 ). | 



References 

Kawamoto N. Generalizations of Witt algebras over a field of characteristic zero. Hi- 
roshima Math. J., 1985, 16: 417-462 

Osborn J M. New simple infinite-dimensional Lie algebras of characteristic 0. J. Alg., 
1996, 185: 820-835 

Dokovic D Z, Zhao K. Derivations, isomorphisms, and second cohomology of generalized 
Witt algebras. Trans. Amer. Math. Soc, 1998, 350(2): 643-664 

Dokovic D Z, Zhao K. Generalized Cartan type W Lie algebras in characteristic zero. J. 
Alg., 1997, 195: 170-210 

Dokovic D Z, Zhao K. Derivations, isomorphisms, and second cohomology of generalized 
Block algebras. Alg. Colloq., 1996, 3(3): 245-272 

Osborn J M, Zhao K. Generalized Poisson bracket and Lie algebras of type H in charac- 
teristic 0. Math. Z., 1999, 230: 107-143 

Osborn J M, Zhao K. Generalized Cartan type K Lie algebras in characteristic 0, Comm. 
Alg., 1997, 25: 3325-3360 



14 



[8] Zhao K. Isomorphisms between generalized Cartan type W Lie algebras in characteristic 
zero. Canadian J. Math., 1998, 50: 210-224 

[9] Passman D P. Simple Lie algebras of Witt type. J. Alg., 1998, 206: 682-692 

[10] Jordan D A. On the simplicity of Lie algebras of derivations of commutative algebras. 
J. Alg., 2000, 228: 580-585 

[11] Xu X. New generalized simple Lie algebras of Cartan type over a field with characteristic 
0. J. Alg., 2000, 224: 23-58 

[12] Su Y, Xu X, Zhang H. Derivation-simple algebras and the structures of Lie algebras of 
Witt type. J. Alg. in press. 

[13] Su Y, Zhao K. Simple algebras of Weyl type. Science in China, to appear. 

[14] Zhao K. Automorphisms of algebras of differential operators. J. of Capital Normal 
University, 1994, 1: 1-8 

[15] Zhao K. Lie algebra of derivations of algebras of differential operators. Chinese Science 
Bulletin, 1993, 38(10): 793-798 



15 



